We study electronic properties of graphene with finite concentration of vacancies or other resonant scatterers by a straightforward lattice Quantum Monte Carlo calculations. Taking into account realistic long-range Coulomb interaction we calculate distribution of spin density associated to midgap states and demonstrate antiferromagnetic ordering. Energy gap are open due to the interaction effects, both in the bare graphene spectrum and in the vacancy/impurity bands. In the case of 5 % concentration of resonant scatterers the latter gap is estimated as 0.7 eV and 1.1 eV for graphene on boron nitride and freely suspended graphene, respectively.
We study electronic properties of graphene with finite concentration of vacancies or other resonant scatterers by a straightforward lattice Quantum Monte Carlo calculations. Taking into account realistic long-range Coulomb interaction we calculate distribution of spin density associated to midgap states and demonstrate antiferromagnetic ordering. Energy gap are open due to the interaction effects, both in the bare graphene spectrum and in the vacancy/impurity bands. In the case of 5 % concentration of resonant scatterers the latter gap is estimated as 0.7 eV and 1.1 eV for graphene on boron nitride and freely suspended graphene, respectively. Vacancies in graphene are known to create mid-gap states [1, 2] which, together with electron-electron interaction, can result in appearance of magnetic moments and rich many-body phenomena (see the review of early works in Refs. [2, 3] and recent experimental and theoretical papers [4] [5] [6] [7] ). Note that hydrogen adatoms and some univalent organic admolecules (resonant scattering centers) produce a very similar electronic structure [8] , thus, discussing "vacancies" we will keep in mind also these cases; moreover, they are even closer to a simple model of vacancy just as a missed site in the honeycomb lattice (the model which will be used in our calculations) since the real vacancy produces very strong lattice distortions effecting essentially on the electronic structure [9] . The case of finite concentration of vacancies is quite complicated even at a single-particle level [10] [11] [12] . Here we consider this case taking into account a realistic model of Coulomb interaction in graphene [13] via the straightforward lattice quantum Monte Carlo (QMC) simulations. Keeping in mind what was said above, the best and easiest experimental realization would be partially hydrogenated graphene. We will study magnetic moments and spin density distributions as well as possible reconstructions of electron energy spectrum and gap opening.
We start from the free tight-binding Hamiltonian with staggered mass term which is essential in our simulations for the following reasons: (1) it eliminates zero mode in spectrum of quasiparticles thus making the fermionic operator M (see below) invertible; (2) it serves as a seed for antiferromagnetic phase transition which we will study. The initial Hamiltonian without interaction and adatoms * Electronic address: Maksim.Ulybyshev@physik.uni-regensburg.de † Electronic address: M.Katsnelson@science.ru.nl is written as follows:
where t = 2.7 eV, the sum <x,y> goes over all pairs of nearest-neighbor sites of the graphene honeycomb lattice (we impose periodic spatial boundary conditions as in Refs. [14, 15] ) and the mass term has different sign at different sublattices.â † x,↑ ,â x,↑ andâ † x,↓ ,â x,↓ are the creation/annihilation operators for spin up and spin down electrons at π-orbitals.
Next, we introduce the electrostatic interaction with potentials V xy :
x,↓â x,↓ − 1 is the operator of electric charge at lattice site x. The whole matrix V xy is constructed in the following way: at small distances (on site interaction (V xx ≡ V 00 ) and interactions with the nearest (V 01 ), next-to-nearest (V 02 ) and next-to-next-to-nearest (V 03 ) neighbours) we use the potentials calculated by the constrained RPA method [13] ; at large distances we use ordinary Coulomb V xy = V C r 01 /r xy . Parameter V C defines the strength of the Coulomb tail. Since r 01 is the distance between the nearest neighbours, V C is equal to the Coulomb repulsion energy at the distance of conjugated C-C bond. We use two settings of interaction potentials. The first one is called "ordinary potentials" and corresponds to freely suspended graphene (the dielectric constant of environment is equal to one). At small distances it is simply the set of potentials from the paper [13] : V 00 = 9.3 eV, V 01 = 5.5 eV, V 02 = 4.1 eV and V 03 = 3.6 eV. The strength of Coulomb tail is defined by the ratio V 03 = V C r 01 /r 03 , thus V C = 7.2 eV. It is a simple continuous extension of the potentials at small distances. The second setting is specified as "screened potentials" and corresponds to graphene at a substrate with the dielectric constant ǫ = 4.5 which is roughly the value reasonable for both boron nitride and SiO 2 . In this case the Coulomb tail is (1 + ǫ)/2 = 2.75 times weaker while V 02 and V 03 are 1.5 times smaller. V 00 and V 01 are untouched since the screening by substrate should be irrelevant at a few interatomic distances.
As was already mentioned, the vacancy or adatom is modeled by setting to zero all hoppings to the vacant site. We also exclude the vacant sites from the interaction term H C because they have constant zero charge. We employ Hybrid Monte-Carlo algorithm, broadly used in lattice QCD. It was described in the case of graphene in Refs. [14, 15] . Firstly we perform Suzuki-Trotter decomposition of partition function exp(−βH) in order to represent it as a functional integral over trajectories in Euclidean time. In order to get rid of four-fermionic terms in the Hamiltonian, we perform Hubbard-Stratonovich transformation and obtain the following partition function after integrating out fermionic fields:
where ϕ x,n is the Hubbard-Stratonovich field for timeslice n and spatial coordinate x. Number of time slices multiplied by the step in Euclidean time is equal to inverse temperature: δτ N = β, M is fermionic operator. We use its particular form [15] . In more details (including issues with continuous limit δτ → 0) it was discussed in Ref. [16] . The particle-hole symmetry for graphene at neutrality point makes the integration weight in (2) positive due to appearance of the squared modulus of the determinant (no "fermionic sign problem"). For both sets of inter-electron interaction potentials, the action of the Hubbard-Stratonovich field S [ϕ x,n ] is also a positive definite quadratic form. Thus we can generate configurations of ϕ x,n by a Monte-Carlo method and calculate physical quantities as averages over the generated configurations. Here we follow Refs. [14, 15, 17] and use the Hybrid Monte-Carlo method with the Φ-algorithm. We used lattices with spatial sizes 18 × 18, 24 × 24 and 36 × 36 in order to study finite-size effects. We studied lattice with 5 % adatoms, scattered uniformly in the whole sample. Three different temperatures were studied: T=0.5 eV (corresponds to N t = 20), T=0.125 eV (N t = 80) and T=0.0625 eV (N t = 160). For all temperatures we generated configurations with four masses, for example in the case of T=0.125 eV we used m = 0.05, 0.1, 0.15, 0.2eV . Physical results are obtained as an extrapolation to zero mass. In all calculations except energies of midgap states we use "ordinary potentials".
According to Lieb theorem for the Hubbard model [2, 18] the ground state for the case of vacancies equally distributed between two sublattices should be spin singlet, and there are no physical reasons to expect that the long-range character of Coulomb interactions can change this conclusion. Keeping in mind that single vacancy or adatom induces magnetic moment one should consider opportunity of antiferromagnetic ordering at finite concentration (ferromagnetism is impossible). In this case the order parameter is the difference in average spin between sublattices (denoted as A and B in the formula): ∆n =
x,↓â x,↓ ) . N A and N B are the overall number of sites in A and B sublattice respectively. Results are presented in the figure 1. In case of the highest temperature (0.5 eV) the order parameter is equal to zero in the physical limit of zero bare mass disregarding the presence of adatoms. Only at lower temperature (0.125 eV) the order parameter acquires nonzero value in presence of adatoms and remain almost stable with further decreasing of the temperature (0.0625 eV). It means that it might be a kind of transition in the presence of 5 % adatoms: antiferromagnetic order appears only at some critical temperature between 0.125 and 0.5 eV.
Spatial distribution of electron spin is presented in the figure 2. It represents the quantity f x = â † x,↑â x,↑ at each lattice site. Since the particle-hole symmetry is unbroken, the equality â † x,↑â x,↑ + â † x,↓â x,↓ = 1 is satisfied exactly in our simulations for all lattice sites. It means that regions with positive f x have non-compensated spin up and negative f x corresponds to non-compensated spin 
Dependence of Si 2 on the size of the system. Calculation is performed on the lattice with 5 % adatoms inside the region R1 (see fig. 2 ). T=0.125 eV. 
Dependence of Si 2 on the size of the system. Calculation is performed on the lattice with 5 % adatoms inside the region R2 (see fig. 2 ). T=0.125 eV.
down. It is clearly seen that antiferromagnetic order is generated in the vicinity of adatoms. More close view at average spin is presented in the figures 3 and 4. They demonstrate dependence of S z 2 and S x 2 on bare mass. S is a full spin for some region of the lattice:
; σ i are Pauli matrices. Figure 3 shows the results for graphene without vacancies for the region of the lattice with 36 cells. Since S It is clearly seen that both sublattice and SU(2) spin symmetry are restored in the limit of zero mass (average squares of different spin components have the same values at both sublattices in the zero mass limit). Another situation can be observed in the figure 4. Here we present S i 2 for the lattice with 5 % adatoms choosing the region where adatoms are concentrated mostly at one sublattice (region R1 in the figure 2). It is clear that both sublattice and SU(2) spin symmetry are broken: at both sublattices different spin components have different values even in the zero mass limit. Now let us turn to spin-spin correlations in case of different spatial configurations of adatoms. Figures 5 and 6 demonstrate the dependence of S 2 i on the size of the system in the "physical" zero bare mass limit. For the figure 5 the region R1 (see figure 2) is chosen. It means that we take some subregion inside this area (R1) and calculate S i 2 for the sites within it. Figure 5 thus corresponds to the region where adatoms are concentrated at the 2d sublattice. One can see that S z components at different sites within one sublattice are correlated with each other: S 2 z ∼ N ν with ν > 1. The strongest correlation is within the 1st sublatice. It is "red" sublatice in the figure 2. Spins at the 2d sublattice are correlated weaker and S x components are almost uncorrelated at both sublattices. Again, S x and S z spin components behave differently because of spontaneously broken SU(2) symmetry. Since there is no difference between S x and S y , the SU(2) symmetry is broken up to U(1) rotations. From the calculation of full spin (it includes both sublattices) we see that both S z and S x are anticorrelated at different sublattices (ν sufficiently decreases in both cases). Figure  6 demonstrates the same measurements but for region marked as R2 in the figure 2. Here adatoms are placed equivalently at different sublattices. In this case both S z and S x are correlated inside one sublattice and sublattices are equivalent to each other. All components of electron spins at different sublattices are anticorrelated. Thus we conclude that adatoms placed mostly at one sublattice generate spin excess, despite the anticorrelation between sublattices. If adatoms are placed equivalently at both sublattices, they generate the same spin excess at both sublattices and thus the full spin will be close to zero. This means that, indeed, the statement of the Lieb theorem [18] remains correct in the case of longrange Coulomb interaction. In other words, each adatom generates non-zero spin, this spins tend to be parallel for adatoms at one sublattice and antiparallel for adatoms at different sublattices. In order to characterize the correlation between adatoms at one sublattice quantitatively, we have measured full magnetic moment M = 2µ B S z of some spatial configurations of vacancies. All these regions are marked in the figure 2. Results for magnetic moments (in units of Bohr's magneton) are summarized in the magnetic moment on the geometry of the adatoms configurations. For example, two adatoms at the distance of 1 lattice step have magnetic moment 1.5 times larger than two isolated adatoms. The second set of calculations is devoted to measurements of mass gap in the presence of vacancies/adatoms. We study two types of energy bands: "normal" energy bands which transfer into Dirac cones in the absence of adatoms and midgap states which are concentrated in the vicinity of isolated adatoms. In the latter case we perform calculations for both sets of potentials to measure the influence of screening on the energies of midgap states. Calculation of the energies is based on the twopoint Euclidean Green functions contracted with some guess for projector to a wavefunction ψ(x) of the state we are interested in:
At large enough τ this correlator is proportional to e
where E 0 is energy of the state under study. In the case of "normal" energy band we use lattice exponent exp (i k x) concentrated at one sublattice with wave vector k at the K-point of Brillouin zone as a guess for the wavefunction. Therefore we are able to estimate the lower bond of the energy band and the energy gap between these bands. In the case of midgap state we guess that wavefunction is concentrated in the three nearest neighbours of the vacant site. In order to check these measurements we perform the same calculation for freely suspended graphene without vacancies. In this case the gap should be equal to zero in the zero bare mass limit [15] . check the restoration of zero gap. For the largest lattice (36 × 36) c 0 is zero within the errorbars, so the fitting works well and this lattice is enough to reproduce zero gap in the m bare → 0 limit. For smaller lattices one can observe non zero c 0 due to large finite-size effects. In principle, it means that the fitting function for small lattices should include also m 2 term, but this change doesn't lead to considerable shift of the energies. The same measurements for midgap states are shown in the figure 8. Here we used wavefunctions concentrated near 12 relatively isolated adatoms, marked with black numbers in the figure 2. Summarizing all these calculations we conclude that states concentrated near adatoms form two rather broad bands in between of "normal" energy bands. Positive and negative energies of midgap states corresponds to adatoms at different sublattices. Gap between these bands is calculated as a distance between two levels with the smallest absolute values of energies. It can exceed 1 eV for suspended graphene, but decreases for graphene at substrate. Width of the bands is a measure of the interplay between midgap states concentrated near different vacancies. Obviously, if concentration of adatoms tends to zero, the energies of the midgap states will be almost constant. The same effect is observed here in case of suppressed Coulomb tail: midgap states near isolated vacancies recognize their surrounding more poorly.
To conclude, electron-electron interactions for finite concentration of adatoms lead to antiferromagnetic ordering, in a qualitative agreement with Lieb theorem despite its formal inapplicability to systems with long-range Coulomb interactions. Even probably more interestingly they result in gap opening: a "big gap" of the order of several eV at the K point and "smaller gap" (but still quite noticeable, about 1 eV for 5% concentration of adatoms) in the mid gap states. The latter prediction can be checked by measuring optics for chemically functionalized graphene.
